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Abstract Various ways of thermodynamic evaluations
can yield different results, contradicting to one another.
Such a case is considered a paradox, with the attempts to
solve it. This is because thermodynamics is thought to be
the science established on solid conceptual ground, with
accurate mathematical evaluations. Recently, we faced
similar problem, when the relationship between heat
capacity and pressure is described by two different equa-
tions, predicting opposite behavior. Both equations are free
of evident errors. In searching for the reason of the dis-
crepancy, we found out that it is common practice in
thermodynamic evaluations to tune the mathematical
operations in order to receive the necessary result. It is
typical of empirical science, but inappropriate for the
fundamental knowledge based on axiomatic background.
Short historical survey on experimental data and theoretical
concepts dealing with the relation between heat capacity
and pressure proves that the thermodynamics is very flex-
ible and effective tool for the solution of the problems in
the field of relationships among P-V-T parameters and
thermophysical properties of matter. One should not con-
sider the solutions as the universal laws.
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Introduction

Thermodynamics attracts especial attention because it is
considered to govern all the processes in the Universe.
Grate efforts were made to justify fundamental nature of
basic thermodynamic concepts and to manage thermody-
namic functions and variables according to rigorous
mathematical operations. It is the thermodynamics that was
announced to be reconstructed according to axiomatic
approach, like geometry, algebra, and other mathematical
branches [1, 2].

On the other hand, thermodynamics was created and
developed as applied science. Thermodynamic concepts
and methods were changed and improved many times and
in different ways. Sometimes, new concept does not seem
preferable as compared with old one, and the attempt to
return to the previous concept is made. For instance, about
one hundred years ago, the caloric theory was advocated by
Callendar [3], the outstanding experimentalist. Recently,
our Czech colleagues published the work on contemporary
mathematical background of the caloric theory in order to
revive it [4].

Usually, the struggle among ideas and concepts is the
field of interests for specialists in history, philosophy, and
logic of science [5]. They seem having very little to do with
routine experiments and applied evaluations.

Recently, we faced practical task of the evaluation of
calorimetric data under high pressure, which can be pro-
ceeded in two different ways. The results received differ
from one another too much, predicting oppose, increasing
and decreasing, changes in the heat capacity at elevated
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pressures. Both results were derived from thermodynamic
considerations and seem to be free of evident errors. They
cannot be correct both. At least one of them must be wrong.
In searching for the error in the thermodynamic evaluations
in these two ways, we found out that the reason of the dis-
crepancy is in the fundamental background of thermody-
namics. This result is the main subject of the current work.

The problem we faced is as follows. It is well known
that the heat capacity changes with pressure according to
equation

dCp d*v , do
— = -T—=-TV — 1
P 72 (“ tar) M

where Cp is the isobaric heat capacity, P is the pressure, T
is the temperature, V is the molar volume, and « is the

coefficient of thermal expansion. If applied to the ideal gas
(PV = RT), Eq. 1 predicts no changes in its heat capacity.
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Unfortunately, it was established at least 70 years ago that
the heat capacity of gases increases with pressure, and the
effect increases with decreasing temperature [6].
Thermodynamics failed to explain these experimental results.

Recently, we have showed that the increase in the heat
capacity can be explained with rather simple equation that
can be derived from simple thermodynamic considerations
e _dV _ aV. (3)
dp dT

The equation explains why the heat capacity of gases
increases with pressure and why the effect increases with
decreasing temperature [7].

New equation brings up two new questions. First, it seems
very strange that two different results with opposite predic-
tions and both correct were derived from the same concepts
and with the same rules for mathematical operations, within
the single scientific system. Second, it is very strange that
simple Eq. 3 was received for the first time in the beginning
of XXI century, not in the middle of XIX or early XX, when
the increase in the heat capacity of gases was certainly
established. Equation 3 was received in [7] after the con-
sideration of cyclic process with changes in temperature and
pressure. Such a way is not typical of contemporary ther-
modynamics. Pure mathematical procedures of the differ-
entiation of thermodynamic functions with respect to
temperature and pressure are widely used today instead.

We will show in this work that

1. Equation 3 can be readily received after conventional
differentiation.

2. Itis considered a priori in thermodynamics that the heat
capacity of gases does not depend on pressure. This is
the main reason why Eq. 3 was not received so far.
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3. Thermodynamics is not a rigorous mathematical
science. Thermodynamic evaluations are corrected
for the concepts in order to receive the desired result.

Mathematics and considerations in thermodynamics
How to derive Eq. 3

Let us consider the equality

0 0H 0 OH @
oP 3T T oP’
where H is the enthalpy, and P and T are the pressure and

temperature, respectively. On the left side, the evaluation
starts with

OH

—=C 5

=G (5)

and then

0 OH 0Cp

PoT P ()
On the right side, the evaluation starts with

O0H

—=V 7

5=, ™)

and then

0 OH 0oV

TP~ oT" ®

Thus, Eq. 3 is readily derived from Eq. 4:
oCp OV
—r_> 9
op 0T ®)
When applied to the ideal gas, Eq. 9 predicts that its
heat capacity is proportional to the logarithm of pressure,
and the effect increases with decreasing temperature [7].

How not to derive Eq. 3

Equation 4 can be treated in another way, and Eq. 3 will
not be derived from it. This approach was described in the
monograph by Guggenheim [8]. Eq. 201 of the monograph
is

0 0H 0 OH _
oPOT QJT 0P

Equations 5 and 7 are used in other evaluations
throughout the monograph, but they are not applied to
the ideal gas and Eq. 10.

It is evident that the distinction between two ways of
calculations, (4)—(9) and (10), are not in the mathematics.
Before the discussion of Eq. 10 (number 201 in the

0. (10)
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monograph), Guggenheim explained that the enthalpy (H)
and internal energy (E) of the ideal gas do not depend on
pressure and volume, only on temperature. It is the concept
of the ideal gas, he wrote in his monograph (text between
Egs. 197 and 198).

In other words, Guggenheim states that Eq. 7 must not
be applied to ideal gas. Other result is used instead:
OH
P 0. (11)

The situation is very strange. On the one hand, Eq. 7 is a
rigorous thermodynamic result. It is correct for all
thermodynamic phases and under all conditions. On the
other hand, Eq. 7 is not applicable to the ideal gas. Nobody
states that the ideal gas does not possess mass and volume
or it cannot be characterized with pressure or temperature.
Nevertheless, the derivative of its enthalpy with respect to
pressure is zero (Eq. 11), not the volume (Eq. 7). And its
volume does not equal to zero. Mathematical notation of
this strange situation is:

OH OH

a?zv7 67:0’

V #0. (12)

It means that the mathematical operation of the differ-
entiation is not universal in thermodynamic evaluations. We
do not know to what extent this situation is common in
thermodynamics and how many similar examples there are
in thermodynamics. This is very dangerous property.
Starting our evaluations from different points and choosing
different ways, we can finish with different results. In fact,
this is the main reason for the difference between two
equations for the relationship between heat capacity and
pressure. Equation 1 was derived starting from entropy and
then the Gibbs function, and Eq. 3 was derived starting from
enthalpy.

The danger of non-universality of mathematical opera-
tions is in its prejudice. Mathematics does not govern the
truth or falsity of the derived equation. Right or wrong
expression is deduced not after mathematical transforma-
tion, but after the conceptual analysis of the object con-
sidered. Guggenheim states that the derivative of the
enthalpy of the ideal gas with respect to pressure is zero,
but someone else may state that the derivative is equal to
the volume, and not equal to zero. This is the real case.
Stracher and Guy [9] stated that the enthalpy of the ideal
gas depends not only on temperature, but also on pressure
and volume. This point of view [10—12] met considerable
opposition [13].

Here, two opposite points of view are shared by dif-
ferent scientists. In the search for the truth, the main goal of
discussions is to clarify who is right and who is wrong. The
search does not deal with mathematics. The calculations
are above suspicion. The search is focused on the concepts.

The more scientists share the concept, the more correct it
is. The truth or falsity of the equation is defined by means
of voting. Stracher and Guy are in the minority and, hence,
they are wrong.

The Gibbs’ paradox is another example of discrepant
thermodynamic results. Two ways for the evaluation of the
entropy for the mixing of two gases yield two results,
which differ from one another by R In2 [14]. Again, the
reason of the discrepancy is not in the mathematics. The
literature on the Gibbs’ paradox is large in number (see, for
example, http://www.mdpi.org/lin/entropy/gibbs-paradox.
htm). The paradox is discussed by many scientists, from
schoolteachers to Nobel Prize winners, for many years,
about one and a half centuries. What is the reason for such
a vivid interest? What is the problem under solution? In
disengaging from mathematical evaluations (we know that
they are above suspicion), one can conclude that the
problem is in two correct but different results for one
phenomenon. It is inappropriate for objective and reliable
science to produce several different results without the
decision of which one is wrong or right. Unfortunately, for
the Gibbs’ paradox, the truth cannot be find by means of
voting. There is no conflict between different scientists or
scientific communities here, because both results were
received by one man, J. W. Gibbs, and he did not identify
himself which one is correct.

The main goal of the works on the Gibbs’ paradox is to
explain that here we face the particular case when two dif-
ferent results are correct both. Such an explanation is nec-
essary for scientific community and for individual scientists
in order to be sure in the truth of thermodynamics, to accept
this particular case of ambiguity in thermodynamic results.
Scientific progress changes the meaning of concepts, the set
of models and explanations of phenomena. It is necessary to
update the solutions to the Gibbs’ paradox from time to time,
making the process permanent. In particular, the solutions to
the Gibbs’ paradox reflect the progress in the concept of
entropy: (1) classical thermodynamic entropy by Clausius
(starting from 1865); (2) classical statistical entropy by
Boltzmann (1877); (3) quantum entropy by Sackur, Tetrode,
and Plank (1910s); (4) information entropy by Nyquist and
Shennon (starting from 1920s); (5) operational entropy by
Brillouin, Born, and Jaynes [15]. All these stages are marked
with the works that describe the solution to the Gibbs’ par-
adox via their particular concepts of entropy. Thus, the
progress in the solution of the Gibbs’ paradox is never end-
ing, until the thermodynamic results are considered to be
always unambiguous and of universal nature.

There is an alternative point of view that the results of
thermodynamic evaluations and thermodynamics itself are
empirical by nature and approximate in values. It is
appropriate mention here that, according to Maxwell, the
second law of thermodynamics, dealing with the entropy,
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cannot be an absolute law of nature and has only a statistical
certainty [16]. To support his idea, Maxwell invented the
Maxwell’s demon, also considered now as a paradox [17].

As for the relation between mathematics and concepts in
thermodynamics, the example of the derivative of the
enthalpy with respect to pressure for the ideal gas shows that
the mathematical operations in thermodynamic evaluations
are meaning-dependent, not objective. We discussed here
two examples of discrepancies in thermodynamic evalua-
tions. The first one is considered as the matter of controversy
between proponents and opponents. The second one is con-
sidered as paradox, because there are no opponents and
proponents. Below, we will examine another example of
unconventional mathematical transformations in thermody-
namics, without a conflict between concepts and mathematics.

Mathematical origins of internal inconsistency
in thermodynamic evaluations

Let us consider transformations

CydT — PV + d(PV) = CydT — PV + PdV + VdP
= CydT + VdP.

(13)

They are correct in mathematics and thermodynamics.

The left expression is equal to the middle and to the right

ones. The next example shows the set of wrong equations:
CydT 4 VdP = CpdT + VdP; — CydT

(14)
= deT; — CV = Cp.

Everyone who is familiar with thermodynamics knows that
Cy # Cp. (15)

All three equations in (14) are wrong in thermodynamic
sense, not in mathematics. Let us now change the form of
the starting expression in Eq. 14
CydT + VdP = TdS + VdP;

(16)
TdS + VdP = CpdT + VdP.

Now, it is quite another matter. Everyone who is
familiar with thermodynamics will recognize the fragment
of the transformation from internal energy to enthalpy. The
complete transformation is as follows:

dE = CydT — PdV = TdS — PdV; (17)

dE 4 d(PV) = TdS — PdV + d(PV)

(18)
= CydT + VdP = TdS + VdP;

dE 4+ d(PV) = dH = TdS + VAP = CpdT + VdP.  (19)

We avoid writing Cy and Cp together in a single line. It is
common practice. Sometimes, the indexes V and P for heat
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capacity are omitted in the transformation from E to H,
writing just C instead of Cy and Cp (see, for example, [8]).
We write them here, making evident the transformation of
Cvy into Cp. There is a special equation for the transition from
isochoric to isobaric heat capacity
dP dv

Cp=C T— — 20

P v+ a7 ar (20)
but it is not used here. The transition is accomplished
through intermediate term 7dS, like it was made in Eq. 16.
This transformation leads to the conflict:

CydT = TdS; TdS = CpdT; CydT # CpdT. (21)

We face non-transitive mathematical operation (equality)
in thermodynamic evaluations and we may expect the
discrepancy in the results of evaluations that operate with
isochoric and isobaric heat capacities. Two examples of the
discrepancies of this kind are described in Appendix. Again,
one may consider them new paradoxes or search for the
errors in the procedure of how they were derived. This way is
for those, who consider thermodynamic evaluations rigorous
and strictly self-consistent. We consider thermodynamic
evaluations approximate and examine how this peculiarity
can affect the effect of pressure on the heat capacity of gases.

Let us apply Eq. 3, identical with Eq. 9,
dCp dV

—_—— = V
P dr

to the ideal gas with

RT 1
V=—anda=—. (22)
P T

We receive
dCp R
—r_= 23
dPp P (23)
and

P
CP(P, T) = CP(P(), T) + RlHF (24)
0

As
Cp = Cy + R, (25)
then

P
Cv(P, T) = Cv(P(), T) +R lnIT (26)
0

On the other hand, from Eq. 25 we also have

dcp _dey _

> =1 = (27)

Substituting
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1
V = const, and o = T (28)
we have
dCy const
s (29)
and

const
T

Cv(P,T) = Cy(Py,T) + (P — Py). (30)

Equation 30 differs evidently from Eq. 26. It is because
we used different ways to derive these two equations for
Cy and the different ways with non-transitive operations
may lead to different results. It is interesting that both
equations are useful in their own way for the explanation of
experimental results on Cy of air under pressure.
Equation 26 predicts the increase proportional to the
logarithm of pressure, and Eq. 30 predicts that the effect
of pressure increases with decreasing temperature.

Thus, we saw that the mathematical operations in ther-
modynamic evaluations differ from conventional arith-
metical ones. The difference is in the non-transitivity of
equality. This peculiarity of mathematical operations in
thermodynamics leads to the ambiguity of the results
derived from thermodynamic relationships. This is not the
oversight, but deliberate approach. In choosing between
conventional mathematical operations and heat-related
concepts, thermodynamics prefers the latter. Pure mathe-
matical deductions are considered “rather of the nature of
playing with symbols than of reasoning by consecutive
steps” (P. G. Tait about L. Boltzmann’s deductions [18]).
Such a peculiarity in relation between concepts and
mathematics is, in its turn, the result of reasoning by
consecutive steps. Let us examine the progress in the
pressure—heat capacity relation starting from the first
quantitative data.

Short historical survey of the effects of pressure on heat
capacity

Caloric theory: dCp/dP < 0 (for air)

In the beginning of XIX century, heat was a fluid sub-
stance, caloric, which cannot appear or disappear. Heating
of a gas after compression was considered the manifesta-
tion of the decrease in its heat capacity. Indeed, the tem-
perature is proportional to the amount of caloric and
inversely proportional to the heat capacity. In compressing
the gas, we do not change the amount of caloric, and
temperature increases only because of the decrease in the
heat capacity. Direct experimental test of the theory was
rather difficult task. In 1813, Delaroche et Bérard have

carried out the measurements of air and found out that its
heat capacity decreases by 3.3% when pressure increases
from 760 to 1000 mmHg. This result agrees with caloric
theory and the authors were proud of it:

Everyone knows that when air is compressed heat is
disengaged. This phenomenon has long been
explained by the change supposed to take place in its
specific heat; but the explanation was founded upon
mere supposition, without any direct proof. The
experiments, which we have carried out, seem to us
sufficient to remove all doubts upon this subject.
(cited from [5])

This result of Delaroche et Bérard was used in “Réflex-
ions sur la puissance motrice du feu” by Carnot [19]. Carnot
applied logarithm function for the approximation of exper-
imental data and calculated that the heat capacity of air
decreases nearly six times when pressure increases from 1 to
1024 atm. For higher pressures, he discussed the further
decrease in the heat capacity of air and even negative values
of heat capacity. Here is the origins of the problem of neg-
ative heat capacity under ultra-high pressure [20]. To cal-
culate the heat capacity of air as a function of volume and
pressure, Carnot used equations

Cp =A+ BlnV (31)
and
Cp =A" — B'InP, (32)

where A, B, A’, and B’ are the coefficients. Logarithmic
heat capacities in the Carnot’s work were a subject of
discussions [21]. Such a functional relation was considered
wrong and based on “rather poor” data available to Carnot.
In fact, the logarithm is derived from the equation of state
for the ideal gas. Later, similar functional relation was
derived for contemporary data on heat capacity, but with
opposite sign, “+” instead of “—” (see below).

Thus, good agreement between theory (Egs. 31 and 32
by Carnot) and experiment (Delaroche et Bérard) was in
the caloric theory.

Heat as a kind of energy: dCp/dP = 0 (for air)

New thermodynamics was created in the middle of XIX
century. Formula “heat = caloric” was substituted with a
new one: “heat = energy”. Now, the heating of air under
compression is the result of transformation of the work into
the internal energy of air. The greater the work, the greater
the increase in temperature. Heating is proportional to the
work, with the constant of proportionality equal to the heat
capacity. In preparing his “Dynamical Theory of Heat”,
Lord Kelvin used the results of the Regnault’s experiments
on accurate measurements of heat capacity of air. These
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values were necessary for the analysis of the heat engine.
The Cp/Cy ratio is used in the calculation of adiabatic
processes in the Carnot cycle. This ratio was temperature-
dependent according to Poisson, but constant according to
Clapeyron. Regnault found out that the heat capacity of air
is constant within the limits of +0.2% in the temperature
range from —30 to 4225 °C and at pressures ranging from
1 to 10 atm. This information was reported in the postscript
to the article reprinted in the collected works by Lord
Kelvin [22, 23]. As compared with Delaroche and Bérard,
the Regnault’s results show 10 times less effect over 8
times greater pressure interval, total about two order units
less.

The effect of pressure on the heat capacity of condensed
phases was not measured directly, but derived from rea-
soning as follows. Increase in pressure leads to the com-
pression of a substance. The difference in the heat capacity
of substances with identical composition but different
densities may shed light on the changes in the heat capacity
under pressure. For most substances, density of liquid
phase is less than that of a solid, and the heat capacity of
liquid phase is greater than that of a solid. Thus, one may
conclude that the increase in pressure increases the density
and decreases the heat capacity. Another example is the
polymorphs of carbon. Density is decreases in a row of
“diamond > graphite > charcoal” and the heat capacity
increases: “diamond < graphite < charcoal” [24].

Finally, the main idea about the pressure effect on the

heat capacity was that ‘:j%<0 for solids and liquids, but

(:i% = 0 for gases. Equation 1

dCp , | du
- TV(“ *a)

fits this concept exactly. Again, we see good agreement
between theory and experiment. We do not know who was
the first to receive Eq. 1 because we failed to find this
information in the literature.

Contemporary experimental data: dCp/dP > 0O (for air)

Progress in the high-pressure experiments in the beginning
of XX century made it possible to measure heat capacity of
gases at pressures 100 times higher than it was made by
Regnault. By 1940, it was known with certainty that the
heat capacity increases with pressure and the effect
increases with decreasing temperature [6]. At the same
time, there were no thermodynamic explanations for this
fact. The heat capacity of gases was still considered inde-
pendent of pressure in the theory.

Equation 3 was received only in 2009 and found to fit
the experimental data on air [25] well. In combining
Eqgs. 26 and 30, one can use approximate equation:

@ Springer
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CP = A+ Tlnl)7 (33)

where A and B are the coefficients, for the approximation
of experimental data on the heat capacity of air under high
pressure.

Short historic survey on the theory—experiment relation-
ship for the pressure effect on the heat capacity reveals very
interesting evolution. At the first step, i.e., in caloric time, the
experiment met the theory and detected decreasing heat
capacity at increasing pressure as it was necessary for the
theory. At the second step, when the theory was indifferent to
the changes in the heat capacity with respect to the changes in
pressure, experiment did not found effect of pressure on the
heat capacity. Nowadays, when the experiment revealed
certainly the increase in the heat capacity with pressure,
theory can meet the experimental data, but with the loss in its
universality. It is very painful step.

Conclusions

Thermodynamics was developed on the empirical back-
ground of facts about the relationship between energy (work)
and heat (caloric, then energy). Thermodynamics in its cur-
rent conditions is very useful and effective in the field where
it was originated. It provides us with the tool to predict the
direction of thermal processes and calculate their efficacy.

Thermodynamics is not rigorous mathematical branch. Its
mathematical tools were created after generalization of
empirical data and then developed to update and consolidate
various concepts that change permanently, together with the
scientific progress. Pure mathematical calculations in ther-
modynamics are considered wrong (“playing with sym-
bols”). The correction of mathematical operation in order to
receive the necessary result (“reasoning by consecutive
steps”) is considered the right way instead. As there are
different considerations for the same problem, it is normal
that the different ways of thermodynamic evaluations can
lead to different results. In considering thermodynamics the
science with rigorous mathematics and universal laws, we
interpret the differences as paradoxes. In considering ther-
modynamics the empirical branch of science, we have to test
the theoretical results against experimental data, like in other
empirical branches.

Appendix
Deriving paradoxes from the Cp—Cy relationship

We will start with the conventional equation for the rela-
tionship between Cp and Cy
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dP dv
Cp=C T— — 34
PO ar (34)
and then, after conventional transformations, receive
something completely different. Let us apply Eq. (34) to

the ideal gas (PV = RT) with

dP R
TV (35)
and
dVv. R
TP (36)
G=Cy+ TR By iR (37)
p=1Cy vpo &V .
Thus, we receive another conventional result
Cp=Cy +R. (38)
Let us multiply both sides of Eq. (38) by dT (dT # 0):
CpdT = CydT + RdT. (39)
Then
RAT = d(RT), (40)
d(PV) = d(RT). (41)

Now Eq. (39) is transformed into
CpdT = CydT + d(PV) (42)

Here, we receive the first paradox if divide both sides in

Eq. (42) by dT (dT # 0):
dp dv

Cp=Cy+V—=+P—==Cy+2R 43

p=Cvt Vot Po=Cv (43)

Equation (43) differs evidently from Eq. (37). The
second paradox we receive when use Eq. (42) in the
transformation from the internal energy to enthalpy (see
Eqgs. (17)-(19))

dE = CydT — PdV; (44)
dE 4 d(PV) = CydT + d(PV) — PdV; (45)
dE + d(PV) = dH = [CydT + d(PV)] — PdV

= CpdT — PdV. (46)

Thus, we received
dH = CpdT — PAV, (47)

completely different from conventional

dH = CpdT + VdP. (48)

Thus, we proceeded with conventional (in mathematical
sense) thermodynamic transformations of conventional
thermodynamic equations and received two contradicting
results: the first for the Cp—Cy, relationship, (37) against (43);
and the second for the differential of enthalpy, (47) against

(48). Equation (42) plays a major part in these two paradoxes.
It is used in textbooks for the explanation of thermodynamic
properties of the ideal gas (see, for example, [26] p. 32).
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